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Applying the method beyond semiclassical approximation, fermion tunneling from higher-dimensional
anti-de Sitter Schwarzschild black hole is researched. In our work, the “tortoise” coordinate transformation
is introduced to simplify Dirac equation, so that the equation proves that only the (r − t) sector is
important to our research. Because we only need to study the (r − t) sector, the Dirac equation is
decomposed into several pairs of equations spontaneously, and we then prove the components of wave
functions are proportional to each other in every pair of equations. Therefore, the suitable action forms
of the wave functions are obtained, and ﬁnally the correctional Hawking temperature and entropy can
be determined via the method beyond semiclassical approximation.
Crown Copyright © 2009 Published by Elsevier B.V. Open access under CC BY license. 1. Introduction
The prospect of Hawking radiation from black holes has drawn
researchers’ attention [1,2], and people have proved this radiation
via several methods. Recently, Parikh and Wilczek proposed tun-
neling theory to explain and research Hawking radiation of black
holes [3,4]. In their theory, the radiation results from the quantum
tunneling effect: the virtual particle tunnel from inside the black
holes’ horizon to the outside, where the particle can materialize to
become a real particle. Subsequently, the semiclassical Hamilton–
Jacobi method is proposed to effectively study the scalar particle
tunneling. In 2007, Kerner and Mann proposed the semiclassical
method to research fermion tunneling on several 5-dimensional,
4-dimensional and lower-dimensional cases [5,6]. In this method,
the up-spin and down-spin cases are respectively researched and
the correct tunneling rate and Hawking temperature were deter-
mined. We then expanded the method to derive the semiclassi-
cal Hamilton–Jacobi equation from the Dirac equation and study
fermion tunneling from several higher-dimensional black holes [7].
On the other hand, in 2008 Banerjee and Majhi proposed a
method beyond semiclassical approximation to research quantum
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Open access under CC BY lictunneling at the horizon [8,9]. In their work, all quantum correc-
tions are computed, and the results show that semiclassical con-
clusions need to be corrected. Especially, the correctional entropy
from this method is in accordance with the conclusions of recent
quantum gravitation research. Here we will develop the method
to research on fermion tunneling from higher-dimensional anti-de
Sitter Schwarzschild black hole. We will apply the “tortoise” co-
ordinate transformation to prove that only the (r − t) sector is
effectively important in this research. In the (r − t) sector Dirac
equation, the Dirac equation set is decomposed into several pairs
of equations spontaneously, and we then prove the components
of wave functions are proportional to each other in every pair
of equations. Next, we rewrite the wave function as suitable ac-
tion forms, and calculate every pair of equations via the method
beyond semiclassical approximation. Finally, we obtain the correc-
tional Hawking temperature and entropy.
2. Dirac equation in higher-dimensional anti-de Sitter
Schwarzschild space–time
In higher-dimensional theory, the research can help to develop
several modern physical theories [10], the metric of n-dimensional
anti-de Sitter Schwarzschild space–time is given by [11,15]
ds2 = − f (r)dt2 + f −1(r)dr2 + r2 dΩ2n−2, (1)
ense. 
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f (r) = 1−
(
16πGnM
(n − 2)Ωn−2rn−3 +
r2
l2
)
(2)
(in this equation, Gn is n-dimensional Newton constant; dΩ2n−2 is
the metric of unit Sn−2; Ωn−2 is the area of the unit sphere; the
n-dimensional cosmological constant Λ = −(n−1)(n−2)/2l2). The
event horizon’s position rh should be determined by the equation
f (rh) = 0. In this space–time, we can take the higher-dimensional
Dirac equation into account, namely
γ μDμΨ + m
h¯
Ψ = 0, μ = t, r . . . η . . . , (3)
where η are extra-dimensional coordinates and angular coordi-
nates, and
Dμ = ∂μ + i
2
Γ α
β
μΠαβ, (4)
Παβ = i
4
[γα,γβ ]. (5)
In the quantum equation, the gamma matrices satisfy the relation{
γ μ,γ ν
}= 2gμν I. (6)
In n-dimensional space–time, we can choose gamma matrices like
these
γ tm×m =
i√
f
γˆ 1m×m =
i√
f
(
I m
2 ×m2 0
0 −I m
2 ×m2
)
, (7)
γ rm×m =
√
f γˆ 2m×m =
√
f
(
0 I m
2 ×m2
I m
2 ×m2 0
)
, (8)
· · ·
γ
η
m×m =
√
gηηγˆ ηm×m =
√
gηη
(
0 −iγˆ η−2m
2 ×m2
iγˆ η−2m
2 ×m2 0
)
, η 3, (9)
where m = 2n/2 (m = 2(n−1)/2) is the order of the matrix in even
(odd) dimensional space–time; I m
2 ×m2 is a unit matrix with
m
2 × m2
orders; γ νm
2 ×m2 and γˆ
ν
m
2 ×m2 are the ν-th gamma matrix with
m
2 × m2
orders in curved and ﬂat space–time, respectively (in ﬂat space–
time, the gamma matrices should satisfy the anti-commutation
relation {γˆ νm
2 ×m2 , γˆ
μ
m
2 ×m2 } = 2δνμ I m2 ×m2 ). Speciﬁcally the 2× 2-order
ﬂat gamma matrices are
γˆ 12×2 = σ 1 =
(
1 0
0 −1
)
, (10)
γˆ 22×2 = σ 2 =
(
0 1
1 0
)
, (11)
γˆ 32×2 = σ 3 =
(
0 −i
i 0
)
. (12)
They are none other than the Pauli matrices. So the Dirac equation
in this space–time can be rewritten as
iγˆ 1
∂Ψ
∂t
+ γˆ 2
(
f
∂
∂r
− f
′
4
)
Ψ +√ f n∑
i=3
γ ηDηΨ
+√ f m
h¯
Ψ = 0, (13)
where f ′ = dfdr . Now, we need to prove that only (r − t) sec-
tor is important in the research about tunneling radiation at the
horizon. We introduce the “tortoise” coordinate transformation asdr∗ = dr/ f (note f → 0 at the event horizon rh), and the Dirac
equation is simpliﬁed near the horizon as
iγˆ 1
∂Ψ
∂t
+ γˆ 2
(
∂
∂r∗
− f
′
4
)
Ψ = 0. (14)
The above equation shows that the property of fermion tunneling
at the horizon is very simple. We can rewrite the equation as or-
dinary form
iγˆ 1√
f
∂Ψ
∂t
+√ f γˆ 2( ∂
∂r
− f
′
4 f
)
Ψ = 0. (15)
In this space–time, Dt = ∂∂t + f
′
4 γ
tγ r and Dr = ∂∂r , so Eq. (15) is
none other than the (r − t) sector of the Dirac equation, and we
just research the radial part ψ(r, t) of Ψ . Next, we need to look at
the wave function ψ . In static space–time, ∂
∂t ↔ −iω corresponds
to a Killing vector, so the radial wave function can be rewritten as
[12]
ψ =
[
A(r)
B(r)
]
e−
i
h¯ωt, (16)
where A(r) and B(r) are matrices with m2 × m2 elements, and ω is
the fermion energy. Therefore, the Dirac equation becomes
ωAq + h¯ f
(
∂
∂r
− f
′
4 f
)
Bq = 0,
−ωBq + h¯ f
(
∂
∂r
− f
′
4 f
)
Aq = 0, q = 1,2, . . . ,m/2, (17)
where Aq and Bq are the q-th elements of the column matrices
A(r) and B(r). It shows that the Dirac equation set is decomposed
into several pairs of equations spontaneously, so that we needn’t
differentiate the Dirac equation into up-spin and down-spin cases.
From Eq. (17), we can obtain
∂Bq
∂r
∂ Aq
∂r
= ωAq − h¯
f ′Bq
4
−ωBq − h¯ f ′Aq4
. (18)
Near the horizon, the equation is given by
ω
2
∂
∂r
(
A2q + B2q
)− h¯ f ′
4
(
Bq
∂ Aq
∂r
− Aq ∂Bq
∂r
)
= 0. (19)
Because f ′ depends on the position r0 of horizon, from the equa-
tion above, we can obtain the formulas
∂
∂r
(
A2q + B2q
)= 0,
Bq
∂ Aq
∂r
− Aq ∂Bq
∂r
= 0. (20)
From Eq. (20), the relation between Aq and Bq is determined
A2q + B2q = 0. (21)
At the horizon, our conclusion is in accordance with the results
in Refs. [5,9]. In higher-dimensional anti-de Sitter Schwarzschild
space–time, using this simple relation, we can research fermion
tunneling beyond semiclassical approximation.
3. Fermion tunneling beyond semiclassical approximation
Near the horizon of this space–time, we can rewrite Aq(r) as
action form
Aq(r) = Cqe ih¯ Rq(r). (22)
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rewritten as
Bq(r) = Fqe ih¯ Rq(r). (23)
Observably, the relation between constants Cq and Fq is Cq = ±i Fq .
Therefore, the Dirac equation can be rewritten as
ω√
f
Cq +
√
f
(
i
∂Rq
∂r
− h¯ f
′
4 f
)
Fq = 0,
− ω√
f
Fq +
√
f
(
i
∂Rq
∂r
− h¯ f
′
4 f
)
Cq = 0. (24)
In WKB approximation, we can decompose action and energy of
1/2 spin particle as
Rq(r) =
∞∑
i=0
h¯i Rqi(r), (25)
ω =
∞∑
i=0
h¯iωi, (26)
where Rq0 and ω0 are semiclassical action and energy of fermion.
Substituting (25) and (26) into (24) and then equating the different
powers of h¯ on both sides, we can get the following equations
h¯0:
(−i ω0f ∂Rq0∂r
∂Rq0
∂r i
ω0
f
)(
Cq
Fq
)
= 0, (27)
h¯1:
( −i ω1f ∂Rq1∂r + i f ′4 f
∂Rq1
∂r + i f
′
4 f i
ω1
f
)(
Cq
Fq
)
= 0, (28)
h¯k:
(−i ωkf ∂Rqk∂r
∂Rqk
∂r i
ωk
f
)(
Cq
Fq
)
= 0, k 2. (29)
In every set of equations, we can obtain two possible solutions
h¯0: Cq = −i Fq, Rq0+ =
∫
ω0
f
dr,
Cq = i Fq, Rq0− = −
∫
ω0
f
dr, (30)
h¯1: Cq = −i Fq, Rq1+ =
∫
ω1 − i f ′4
f
dr,
Cq = i Fq, Rq1− = −
∫
ω1 − i f ′4
f
dr, (31)
h¯0: Cq = −i Fq, Rqk+ =
∫
ωk
f
dr,
Cq = i Fq, Rqk− = −
∫
ωk
f
dr, k 2, (32)
where Rqi+ and Rqi− are radial outgoing and ingoing action re-
spectively, and the total action is given by
Rqi = Rqi+ − Rqi− = 2ωi
∫
dr
f
, i = 0,1,2,3, . . . . (33)
The total action form is the same, so the solutions of Eqs. (30)–(32)
are not independent, and each total radial action is proportional to
semiclassical radial action Rq0, namely,
Rq(r) = Rq0(r) +
∞∑
h¯i Rqi(r) =
(
1+
∞∑
ξi h¯
i
)
Rq0(r), (34)i=1 i=1where it is obvious that the dimensions of un-determined coeﬃ-
cients ξi are h¯
−i . In units G = c = kB = 1, we therefore rewrite the
radial action as
Rq(r) =
(
1+
∞∑
i=1
βi
h¯i−1
SiBH
)
Rq0(r)
= 2π iω0
f ′(rh)
(
1+
∞∑
i=1
βi
h¯i−1
SiBH
)
, (35)
where βi are dimensionless constants and SBH is semiclassical
Bekenstein Hawking entropy. The correctional fermion tunneling
rate is obtained
Γh = exp
[
−2
h¯
(
1+
∑
i
βi
h¯i−1
SiBH
)
Im Rq0(r)
]
= exp
[−4π iω0
h¯ f ′(rh)
(
1+
∑
i
βi
h¯i−1
SiBH
)]
, (36)
and the correctional Hawking temperature is given by
Th =
(
1+
∑
i
βi
h¯i−1
SiBH
)
TH , (37)
where TH is semiclassical Hawking temperature, which is given by
TH = h¯
4π
f ′(rh). (38)
Here we obtained the correctional Hawking temperature, and the
results support the fermion tunneling work of Kerner, Mann and
Majhi [5,9]. We will then research the correctional entropy at the
horizon. In black hole thermodynamics, the famous law is [1,13]
dM = Th dSbh + Θ dQ + Ω d J , (39)
where Θ , Q , J and Ω are black holes’ electromagnetic po-
tential, electric charge, angular momentum and angular velocity
respectively. It is clear that the correctional entropy of higher-
dimensional anti-de Sitter Schwarzschild black hole is dSbh =
dM/Th , so we can obtain
Sbh =
∫
dSbh =
∫
dM
Th
= SBH + β1 ln SBH + const+ · · · . (40)
In this space–time, when n = 4, we will get the correctional en-
tropy of anti-de Sitter Schwarzschild black hole. it is apparent that
the ﬁrst correction term is no other than logarithmic corrections,
and the fact squares with the study about correctional Bekenstein–
Hawking entropy in quantum gravitation theory [14,15]. According
to Ref. [15], the β1 of anti-de Sitter Schwarzschild black hole is
− n2(n−2) . This shows that the method beyond semiclassical approx-
imation is correct. What’s more, contrasting the method with other
approach, this method is very simple and clear.
4. Conclusions
In this Letter, we generalized the method beyond semiclas-
sical approximation to research fermion tunneling from higher-
dimensional anti-de Sitter Schwarzschild black hole, and obtained
correctional Bekenstein–Hawking entropy. In our method, Eqs.
(17)–(21) are very important, because they allow us to decompose
the Dirac equation into forms which only involve single particle ac-
tion as a derivative. Using this method, we can also study fermion
tunneling from other static higher-dimensional black holes. What
we will do next is to generalize the method to research stationary
and non-stationary cases.
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